A classification of plane and planar 2-trees  by Labelle, G. et al.
Theoretical Computer Science 307 (2003) 337–363
www.elsevier.com/locate/tcs
A classication of plane and planar 2-trees
G. Labelle, C. Lamathe, P. Leroux∗
LaCIM, Departement de Mathematiques, UQ AM, C.P. 8888, Succursale Centre-Ville,
Montreal, Que., Canada H3C 3P8
Abstract
We present new functional equations for the species of plane and of planar (in the sense of
Harary and Palmer, Graphical Enumeration, Academic Press, New York, 1973) 2-trees and some
associated pointed species. We then deduce the explicit molecular expansion of these species, i.e.
a classication of their structures according to their stabilizers. Therein result explicit formulas in
terms of Catalan numbers for their associated generating series, including the asymmetry index
series. This work is related to the enumeration of polyene hydrocarbons of molecular formula
CnHn+2.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
We dene recursively the class a of two-dimensional trees (in brief 2-trees) as the
smallest class of simple graphs such that:
1. the single edge is in a,
2. if a simple graph G has a vertex x of degree 2 whose neighbors are adjacent and
such that G − x is in a, then G is in a.
One can see that a 2-tree is essentially composed of triangles (complete graph on 3
vertices) glued together along edges in a tree-like fashion.
Note that all 2-trees are planar simple graphs. However, by a planar 2-tree, we
mean here a 2-tree admitting an embedding in the plane in such a way that all faces
(except possibly the outer face) are triangles, and we call a 2-tree equipped with such
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Fig. 1. An unlabelled plane 2-tree and one of its labellings.
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Fig. 2. Two diGerent plane 2-trees, one planar 2-tree.
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Fig. 3. Correspondence between triangulations of a polygon and plane 2-trees.
an embedding a plane 2-tree. This terminology agrees with Harary and Palmer [8]. It
is equivalent to ask that all vertices lie in the external face in these embeddings; hence,
the terms “outerplanar” and “outerplane” would also be appropriate here. In Fig. 3, we
show a correspondence between plane 2-trees and (unrooted) triangulations of polygons
in the plane which is also a correspondence between planar 2-trees and (unrooted)
triangulations of polygons in space (no orientation), also known as triangulations of
the disc, see [4]. Fig. 1 gives an example of an unlabelled and a triangle-labelled planar
2-tree and Fig. 2 shows two diGerent plane 2-trees which are in fact the same planar
2-tree since they are isomorphic simple graphs. We point out the work of Palmer and
Read [16] who enumerate plane embeddings of 2-trees without any condition on the
faces, and which they also call plane 2-trees. Planar 2-trees (in our sense) are closely
related to acyclic polyene hydro-carbons of molecular formula CnHn+2 (planar trees in
the hexagonal lattice); see [5].
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We follow the approach of Fowler et al. [6,7] for general 2-trees. However, we
go further here, giving explicitly the molecular expansion of plane and planar 2-trees,
which could not be done in the general case. This is a stronger result than simple
labelled and unlabelled enumeration since it gives a classication of the diGerent struc-
tures according to stabilizers. For instance, it permits us to have an explicit enumeration
of the symmetric and asymmetric parts of these species. Moreover, we obtain closed
formulas for all coeMcients appearing in these expansions.
To derive these results we use functional equations in the context of the combinatorial
theory of species and deduce the molecular expansions and all the associated series.
In the following, we label 2-trees at triangles and we denote by X the species of
singletons, i.e., of simple triangles. Recall that a combinatorial species is a class of
nite labelled structures, closed under relabelling along bijections. To each species F
we associate series: F(x), the exponential generating series of labelled structures; F˜(x),
the ordinary generating series of unlabelled structures; OF(x), the generating series of
unlabelled asymmetric structures; ZF and F , the cycle and asymmetry index series.
The usual shapes of these series for any species F are as follows:
F(x) =
∑
n¿0
fn
xn
n!
; (1)
F˜(x) =
∑
n¿0
f˜nx
n; OF(x) =
∑
n¿0
Ofnx
n; (2)
ZF(x1; x2; : : :) =
∑
n1 ;n2 ;:::
fn1 ;n2 ;:::
xn11 x
n2
2 : : :
1n1n1!2n2n2! : : :
; (3)
F(x1; x2; : : :) =
∑
n1 ;n2 ;:::
f∗n1 ;n2 ;:::
xn11 x
n2
2 : : :
1n1n1!2n2n2! : : :
; (4)
where fn, f˜n and Ofn are the numbers of labelled, unlabelled and unlabelled asym-
metric F-structures, respectively, over an n-element set, and fn1 ;n2 ;::: is the number of
F-structures left xed under a given permutation of cycle type 1n12n2 : : : . For a de-
nition of the asymmetry index series, see [3].
To illustrate the notion of molecular expansion, we give here the rst few terms of
this decomposition for the species a of plane 2-trees (Eq. (5) and Fig. 4) and ap of
planar 2-trees (Eq. (6) and Fig. 5). As usual, En denotes the species of n-element sets
and C3, of 3-element (oriented) cycles. For complete explicit expansions see Theorem 7
for plane 2-trees and Theorem 12 for planar 2-trees.
a = a(X ) = 1 + X + E2(X ) + X 3 + XC3(X ) + 2E2(X 2) + X 4 + 6X 5 + · · · ;
(5)
ap = ap(X ) = 1 + X + E2(X ) + XE2(X ) + XE3(X ) + 2E2(X 2) + 2X 5
+ 2XE2(X 2) + X 2E2(X 2) + · · ·+ Pbic4 (X; X ) + · · ·
+XC3(X 2) + · · ·+ XPbic6 (X; X ) + · · · : (6)
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Fig. 4. First terms of the molecular expansion of the species a of plane 2-trees.
. . . . . . . . .
Fig. 5. First terms of the molecular expansion of the species ap of planar 2-trees.
The expansion of ap involves species Pbic4 (X; Y ) and P
bic
6 (X; Y ) that are described in
Section 2. They are two-sort variants of the species of Pbic2n introduced by J. Labelle
[12].
In this paper, we call degree of an edge of a 2-tree, the number (less than or equal
to 2) of triangles to which it belongs. Let us introduce the auxiliary species A which
can be dened as follows:
• A represents the species of plane 2-trees pointed at an external edge, i.e., an edge
of degree at most 1,
• A is isomorphic to the species of planar 2-trees pointed at an external edge equipped
with an orientation,
• A is characterized by the functional equation
A = 1 + XA2; (7)
illustrated in Fig. 6.
Note that the species A can also be viewed as the species of rooted triangulations of
polygons. This species is fundamental for the following and we will use it several
times. We can see that it is asymmetric, i.e., the automorphism group of each of its
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Fig. 6. A=1 + XA2.
structures is trivial; thus the molecular expansion and the associated series have the
same coeMcients in their expression. As expected, these coeMcients are the Catalan
numbers.
Proposition 1. The molecular expansion of the species A=A(X ) is
A(X ) =
∑
n∈N
cnX n; (8)
where cn= [1=(n + 1)]( 2nn ) (Catalan numbers). More generally, if A
k(X )=∑
n∈N c
(k)
n X n, k¿1, then
c(k)n =
 k−12 ∑
i=0
(−1)i
(
k − 1− i
i
)
cn+k−1−i ; (9)
=
k
n
(
2n− 1 + k
n− 1
)
: (10)
Proof. The formula for cn follows directly from a simple application of the Lagrange
inversion on relation (7). It can also be computed by expanding in series the algebraic
solution A(X )= (1−√1− 4X )=2X of (7). For the c(k)n , we work with the unlabelled
generating series. First, we remark that
Ak(x) =
 k−12 ∑
i=0
(−1)i
(
k − 1− i
i
)
A(x)
xk−1−i
+
 k−22 ∑
i=0
(−1)i+1
(
k − 2− i
i
)
1
xk−1−i
;
(11)
where · represents the Soor function. This formula is easily shown by induction
on k distinguishing two cases depending on the parity of k and using the fact that
A2(x)= (1=x)(A(x) − 1), which follows from (7). Next, extracting the coeMcient of
xn in this expression gives the result. The second expression for c(k)n is obtained by a
simple application of the composite Lagrange inversion formula on Eq. (7).
For instance, for k from 1 up to 6, we have
c(1)n = cn =
1
n
(
2n
n− 1
)
;
c(2)n = cn+1 =
2
n
(
2n+ 1
n− 1
)
;
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(a) (b) (c)
Fig. 7. Examples of the exponents: (a) −, (b)  and (c) .
c(3)n = cn+2 − cn+1 =
3
n
(
2n+ 2
n− 1
)
;
c(4)n = cn+3 − 2cn+2 =
4
n
(
2n+ 3
n− 1
)
;
c(5)n = cn+4 − 3cn+3 + cn+2 =
5
n
(
2n+ 4
n− 1
)
;
c(6)n = cn+5 − 4cn+4 + 3cn+3 =
6
n
(
2n+ 5
n− 1
)
: (12)
In order to lighten notations, we slightly extend the denition of the Catalan numbers
as follows:
cn =
1
n+ 1
(
2n
n
)
(n ∈ N): (13)
In other words, cn is the ususal Catalan number if n is a nonnegative integer, and 0
otherwise.
We will use two dissymmetry formulas, analogous to the case of classical 2-trees
(see [6,7]); the same proof applies in the case of plane and planar 2-trees and is
omitted.
Theorem 1 (Dissymmetry theorem for plane and planar 2-trees). The species a of
plane 2-trees and ap of planar 2-trees satisfy the following isomorphisms of species:
a− + a

 = a + a

 (14)
and
a−p + a

p = ap + a

p ; (15)
where the exponents −,  and  represent the pointing of 2-trees at an edge (Fig. 7a),
at a triangle (Fig. 7b) and at a triangle with one of its edges distinguished (Fig. 7c).
The rest of the paper is organized as follows. In the next section, we introduce and
study the auxiliary two-sort species Pbic4 (X; Y ) and P
bic
6 (X; Y ) which are needed for the
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expression of the species a−p and a

p in terms of A. In Section 3, we give addition
formulas for the substitution of an asymmetric species Y=B(X ) into the species E2(Y ),
C3(Y ), Pbic4 (X; Y ) and P
bic
6 (X; Y ). These results are put together in Section 4 to give
the molecular expansion of the species a and ap. All the coeMcients that occur in
the expressions are given explicitly in terms of Catalan numbers. Finally, the labelled,
unlabelled and asymmetric enumeration of plane and planar 2-trees is carried out in
Section 5.
2. The auxiliary molecular species Pbic4 (X; Y ) and P
bic
6 (X; Y )
This section is devoted to the study of some particular molecular species. A molec-
ular species M is a species having only one isomorphism type. In other words, any
two M -structures are isomorphic. A molecular species is characterized by the fact that
it is indecomposable under the combinatorial sum:
M is molecular ⇔ (M = F + G ⇒ F = 0 or G = 0): (16)
It is often very useful to write a molecular species in the form
M =
X n
H
; (17)
where X n represents the species of lists of length n and H is a subgroup of the
symmetric group Sn. We write H6Sn. In fact, H is the stabilizer of some M -structure
on [n] = {1; 2 : : : n} and n is called the degree of the species M . Two molecular species
of degree n, X n=H and X n=K , are equal (i.e. isomorphic as species) if and only if H
and K are conjugate subgroups of Sn.
Here are some examples of molecular species:
• when H =1, then X n=1=X n,
• when H = 〈〉, where  is the circular permutation =(1; 2; : : : n), then X n=〈〉=Cn,
the species of oriented cycles of length n,
• if now the group H is Sn, then we have X n=Sn=En, the species of sets of size n.
We denote by M the set of molecular species. We can see easily that the rst elements
of this set, up to degree 3, are
M = {1; X; X 2; E2; X 3; XE2; E3; C3; : : :}: (18)
Moreover, each species F can be expressed as a (possibly innite) linear combination
with integer coeMcients of molecular species as follows:
F =
∑
M∈M
fMM; (19)
where fM ∈N represents the number of subspecies of F isomorphic to M . This devel-
opment is unique and it is called molecular expansion of the species F .
It is also possible to extend the notion of molecular species to the case of multi-sort
species. For instance, for two-sort species, where X and Y represent the two sorts, any
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Fig. 8. Structures belonging to the species Q(X; Y ) and S(X; Y ).
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Fig. 9. Pbic4 (X; Y ) and P
bic
6 (X; Y ).
molecular species can be written as
M (X; Y ) =
X nYm
H
; (20)
where H6SXn × SYm is the stabilizer of an M -structure. Here, SXn represents the sym-
metric group of degree n for the points of sort X .
We can now introduce the auxiliary species Q(X; Y ) and S(X; Y ) which will be
important in our analysis of planar 2-trees. They can be dened by Fig. 8a and b,
respectively, where X stands for the sort of triangles and Y , of directed edges.
These two molecular species are related to known species:
Q(X; Y ) = Pbic4 (X; Y ); S(X; Y ) = P
bic
6 (X; Y ); (21)
where the species Pbicn (X ), for n an even integer, represents the species of (vertex
labelled) bicolored n-gons (see [12]). More precisely, the edges are colored with a set
of two colors, {0; 1}, in such a way that incident edges have diGerent colors. We can
then generalize to the two-sort species Pbicn (X; Y ) where X represents the sort of edges
of color 1 (dotted lines) and Y stands for the sort of vertices, as shown by Fig. 9 for
n=4 and 6. This gure also establishes (21).
In order to completely describe the species Q and S, we have to identify their
stabilizers, and so we write them in the form (20). We have
Pbic4 (X; Y ) =
X 2Y 4
D2
; Pbic6 (X; Y ) =
X 3Y 6
S3
; (22)
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where the two groups D2 and S3 are characterized by their action on the labelled
structures of Fig. 9:
(1) D2 = 〈h; v〉6SX2 × SY4 , with
h = (a; b)(1; 2)(3; 4) and v = (a)(b)(1; 4)(2; 3):
Note that h2 = 1, v2 = 1, hv= vh, and D2
∼= Z2 × Z2.
(2) S3 = 〈s; !〉6SX3 × SY6 , where
s = (a)(b; c)(1; 2)(3; 6)(4; 5) and ! = (a; b; c)(1; 3; 5)(2; 4; 6):
Note that s2 = 1; !3 = 1; s!s=!2, and S3
∼= S3.
Here are the formulas giving the cycle index series and the asymmetry index series of
a molecular two-sort species.
Theorem 2 (Bergeron et al. [3], Kerber [10], Labelle et al. [13]). Let M (X; Y ) =
X nYm=H be a molecular species on two sorts, with H6SXn × SYm. Then, the cycle
index series of M is given by
ZM (x1; x2; : : : ;y1; y2; : : :) =
1
|H |
∑
h∈H
xc1(h)1 x
c2(h)
2 : : : y
d1(h)
1 y
d2(h)
2 : : : ; (23)
where ci(h) (resp. di(h)), for i¿1, denotes the number of cycles of length i of the
permutation on X -points (resp. Y -points) induced by the element h∈H . Furthermore,
the asymmetry index series of M is given by
M (x1; x2; : : : ;y1; y2; : : :)
=
1
|H |
∑
V6H
)({1}; V )xc1(V )1 xc2(V )2 : : : yd1(V )1 yd2(V )2 : : : ; (24)
where the sum is taken over all subgroups V of H , {1} is the identity subgroup of
H , )({1}; V ) denotes the value of the M:obius function in the lattice of subgroup of
H and ci(V ) (resp. di(V )), represents the number of orbits with i elements of sort
X (resp. Y ) with respect to the natural action of V on [n] (resp. [m]).
Proposition 2. The cycle index of the species Pbic4 (X; Y ) and P
bic
6 (X; Y ) are given by
ZPbic4 (x1; x2; : : : ;y1; y2; : : :) =
1
4 (x
2
1y
4
1 + 2x2y
2
2 + x
2
1y
2
2); (25)
ZPbic6 (x1; x2; : : : ;y1; y2; : : :) =
1
6 (x
3
1y
6
1 + 2x3y
2
3 + 3x1x2y
3
2): (26)
Proof. This is an easy exercise, using (23) and writing explicitly the elements of the
group D2 and S3: D2 = {1; h; v; h · v} and S3 = {1; s; !; !2; s · !; s · !2}.
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Proposition 3. The asymmetry index series of the two species Pbic4 (X; Y ) and
Pbic6 (X; Y ) are given by
Pbic4 (x1; x2; : : : ;y1; y2; : : :) =
1
4 (x
2
1y
4
1 − x21y22 − 2x2y22 + 2x2y4); (27)
Pbic6 (x1; x2; : : : ;y1; y2; : : :) =
1
6 (x
3
1y
6
1 − x3y23 − 3x1x2y32 + 3x3y6): (28)
Proof. It suMces to determine the lattice of subgroups of D2 and S3 and to apply (24).
Details are left to the reader.
The cycle index series of a species encompasses the two other classical enumera-
tive series, namely the exponential generating function of labelled structures and the
ordinary generating function of unlabelled structures. In a similar way, the asymme-
try index series contains other series as specializations, in particular the asymmetry
generating series. For the two-sort case, these series are related as follows:
Theorem 3 (Bergeron et al. [3]). For any two-sort species F , we have
F(x; y) = ZF(x; 0; : : : ;y; 0; : : :) = F(x; 0; : : : ;y; 0; : : :); (29)
F˜(x; y) = ZF(x; x2; : : : ;y; y2; : : :); (30)
OF(x; y) = F(x; x2; : : : ;y; y2; : : :): (31)
We then conrm the expressions of the generating series of the species Pbic4 (X; Y )
and Pbic6 (X; Y ).
Remark 1. We have
Pbic4 (x; y) =
1
4 x
2y4; P˜
bic
4 (x; y) = x
2y4; OP
bic
4 (x; y) = 0; (32)
Pbic6 (x; y) =
1
6 x
3y6; P˜
bic
6 (x; y) = x
3y6; OP
bic
6 (x; y) = 0: (33)
The fact that OP
bic
4 (x; y) and OP
bic
6 (x; y) equals 0, means that these two species are purely
symmetric, i.e., their asymmetric part is reduced to the empty set.
Note that if we put Y :=X k , for k¿1, in the species Pbic4 (X; Y ) and P
bic
6 (X; Y ), the
resulting one-sort species are molecular. Indeed, the substitution of a molecular species
in another one remains molecular. These two species Pbic4 (X; X
k) and Pbic6 (X; X
k), for
k¿1, will be essential in order to obtain the molecular expansion of planar 2-trees.
Besides, we remark the fact that
Pbic4 (X; 1) = E2(X ); P
bic
6 (X; 1) = E3(X ); (34)
since, in Fig. 8, setting Y =1 corresponds to unlabelling the directed edges.
To end this section, let us give the derivative of the two-sort species Pbic4 (X; Y ) and
Pbic6 (X; Y ).
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Proposition 4. The partial derivatives of Pbic4 (X; Y ) and P
bic
6 (X; Y ) are given by
@
@X
Pbic4 (X; Y ) = XE2(Y
2);
@
@Y
Pbic4 (X; Y ) = X
2Y 3; (35)
@
@X
Pbic6 (X; Y ) = E2(XY
3);
@
@Y
Pbic6 (X; Y ) = X
3Y 5: (36)
Proof. Let F(X; Y ) be a two-sort species and U and V be two sets representing the
two sorts. Then, the partial derivatives, with respect to X and Y are dened by
@F
@X
[U; V ] = F[U + {∗}; V ]; @F
@Y
[U; V ] = F[U; V + {∗}];
where ∗ is a supplementary element which is used in the construction of the
F-structures. From this denition, it is easy to obtain (35) and (36).
3. Addition formulas
In this section, we prove some addition formulas which will be necessary to obtain
the explicit molecular expansions for plane and planar 2-trees.
Proposition 5. Let B be an asymmetric species whose molecular expansion is given
by
B(X ) =
∑
k¿0
bkX k :
Then, we have the following addition formulas relative to the species E2 of two-
element sets and C3 of oriented 3-cycles:
E2(B(X )) =
∑
k¿1
bkE2(X k) +
∑
k¿0
,kX k ; (37)
C3(B(X )) =
∑
k¿1
bkC3(X k) +
∑
k¿0
-kX k ; (38)
with
,0 = 12 (b
2
0 + b0); -0 =
1
3 (b
3
0 + 2b0); (39)
,k =
1
2
∑
i+j=k
bibj − 12 (2|k)bk=2; k¿ 1; (40)
-k =
1
3
∑
l+m+n=k
blbmbn − 13(3|k)bk=3; k¿ 1; (41)
where, for a; b∈N, (a|b)= 1, if a divides b, and 0, otherwise.
Proof. First note that for any species F , the constant (i.e. of degree 0) term F(b0)
of F(B) is given by ZF(b0; b0; : : :), in virtue of P@olya’s theorem. This yields (39). An
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analysis of the diGerent shapes of molecular species which can arise in E2(B), permits
us to write the following relation:
E2(B) =
∑
k¿1
0kE2(X k) +
∑
k¿0
,kX k : (42)
We now have to compute ,k and 0k , for all k¿1. Note that we can order, in the
species B, the bk copies of the molecule X k , for each k¿1. Then, to obtain an E2(X k)-
structure from E2(B), we must take twice the same copy of X k among the bk available;
otherwise the pair of B-structures will be asymmetric. Hence 0k = bk , for all k¿1. In
order to compute ,k , we could perform a direct enumeration. However, we introduce
a diGerent method which will prove very useful in other situations. DiGerentiating the
two members of (42), we get
BB′ =
∑
k¿1
kbkX 2k−1 +
∑
k¿1
k,kX k−1:
Integrating back this last relation, in the realm of formal power series in X , leads us
to
1
2 B
2 =
1
2
∑
k¿1
bkX 2k +
∑
k¿0
,kX k + const:
Identifying coeMcients of X n in both sides of the last equality gives us the relation
(40). To obtain (41), we rst write
C3(B) =
∑
k¿1
1kC3(X k) +
∑
k¿0
-kX k : (43)
The same argument as used above implies 1k = bk , k¿1, and the same technique of
diGerentiating–integrating Eq. (43) gives the announced formula for -k . In the process,
we use the fact that
(C3(B))′ = L2(B)B′ = B2B′;
where L2 represents the species of two-element lists.
As a particular case, we have
E2(1 + X ) = 1 + X + E2(X ); (44)
C3(1 + X ) = 1 + X + X 2 + C3(X ): (45)
When B=A, formulas (39)–(41) take a simpler form because of the convolutive
properties of Catalan numbers, as seen in Proposition 1. For this case, the coeMcients
,k and -k are given by ,0 = -0 = 1 and, for k¿1,
,k = 12 (ck+1 − ck=2); (46)
-k = 13 (ck+2 − ck+1 − ck=3): (47)
G. Labelle et al. / Theoretical Computer Science 307 (2003) 337–363 349
α
β
β
α
α α
β
β
β βα
α
(a) (b) (c)
Fig. 10. Symmetries of order 2 in Pbic4 (X; B).
We now give the main result of this section, that is, addition formulas for the species
Pbic4 (X; Y ) and P
bic
6 (X; Y ). Let b
(n)
k denotes the coeMcient of X
k in the species Bn(X ),
with the convention that b(n)x =0 if the index x is fractional, for all n; k¿1.
Theorem 4. Let B be an asymmetric species whose molecular expansion is given by
B(X ) =
∑
n¿0
bkX k :
Then
Pbic4 (X; B) =
∑
k¿3
a′kX
k +
∑
k¿2
a′′k E2(X
k) +
∑
k¿1
a′′′k X
2E2(X k) +
∑
k¿0
aivk P
bic
4 (X; X
k);
(48)
where
a′k =
1
4 b
(4)
k−2 − 34 b(2)(k−2)=2 + 12 b(k−2)=4; (49)
a′′k = b
(2)
k−1 − b(k−1)=2; (50)
a′′′k =
1
2 (b
(2)
k − bk=2); (51)
aivk = bk : (52)
Proof. We proceed in a similar way as in Proposition 5, beginning with an analysis
of the diGerent symmetries which can appear in structures belonging to the species
Pbic4 (X; B(X )). This permits us to write (48) where all coeMcients have to be deter-
mined. We rst note that aivk = bk since the only way to build a P
bic
4 (X; X
k)-structure
from the species Pbic4 (X; B) is to take four times the same copy of the molecule X
k
among the bk available copies. This gives (52). Next, we consider E2(X k)-structures.
In order to obtain such a structure from the species Pbic4 (X; B), we can take two non-
isomorphic X (k−1)=2-structures , and - from the species B, and put them in the two
diGerent ways shown in Figs. 10a and b. This contributes for a term of
2
∑
l
(
bl
2
)
E2(X 2l+1);
remembering that the two internal triangles also contribute for one X each. We can
also take an X i-structure , and an X j-structure - such that i+ j= k−1 and i = j, and
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put them in the two diGerent congurations drawn in Figs. 10a and b. In the molecular
expansion of the species Pbic4 (X; B), this stands for
2
∑
i+j=k−1
i¡j
bibjE2(X k):
It leads to (50), i.e.
a′′k = 2
∑
i+j=k−1
i¡j
bibj +
(
b(k−1)=2
2
)
= b(2)k−1 − b(k−1)=2:
Let us now turn to the coeMcient a′′′k of X
2E2(X k) in relation (48). The congurations
belonging to an X 2E2(X k) are shown in Fig. 10c. We then have
a′′′k =
∑
i+j=k
i¡j
bibj +
(
bk=2
2
)
= 12 (b
(2)
k − bk=2)
types of X 2E2(X k)-structures. It remains to determine the asymmetric part of the species
Pbic4 (X; B), i.e., the coeMcient a
′
k of X
k in the molecular expansion (48), for all k. To
nd it, we diGerentiate relation (48) and we identify the coeMcient of X k in each side.
It gives expression (49), which completes the proof. Note that we use the combinatorial
derivative of a composite species F(X; B(X )). As in calculus, we have
(F(X; B(X )))′ =
@F(X; Y )
@X
∣∣∣∣
Y :=B
+
@F(X; Y )
@Y
∣∣∣∣
Y :=B
· B′; (53)
and we can use Proposition 4.
Remark 2. We can perform a more precise classication separating rotational and re-
Sectional symmetries. Indeed, the symmetries illustrated by Fig. 10 are rotational for
the case (a), vertically reSectional for case (b) and horizontally reSectional for (c).
Remark also that we could obtain the expression of a′′′k by identifying the coeMcient
of XE2(X k) after deriving (48).
Theorem 5. For all asymmetric species B whose molecular expansion is
B(X ) =
∑
k¿0
bkX k ;
we have
Pbic6 (X; B) =
∑
k¿4
d′kX
k +
∑
k¿2
d′′k XE2(X
k) +
∑
k¿2
d′′′k C3(X
k) +
∑
k¿0
divk P
bic
6 (X; X
k);
(54)
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where
d′k =
1
6 b
(6)
k−3 − 12 b(3)(k−3)=2 + 13 b(2)(k−3)=3 + 23 b(k−3)=6;
d′′k = b
(3)
k−1 − b(k−1)=3;
d′′′k =
1
2 (b
(2)
k−1 − b(k−1)=2);
divk = bk ; (55)
where b(n)k represents the coe;cient of X
k in Bn(X ).
Proof. A precise analysis of the diGerent symmetries arising in the species Pbic6 (X; B)
permit us to write the expansion (54). We then compute all coeMcients of this expres-
sion by the same method as for the species Pbic4 (X; B).
When we put B=A in the two previous theorems, the coeMcients appearing in the
molecular expansions of the species Pbic4 and P
bic
6 are simpler. In fact, by Proposition 1
we get the following expressions for aik and d
i
k , for i∈{′;′′ ;′′′ ; iv}:
a′k =
1
4 ck+1 − 12 ck − 34 ck=2 + 12 c(k−2)=4;
a′′k = ck − c(k−1)=2;
a′′′k =
1
2 (ck+1 − ck=2);
aivk = ck ; (56)
d′k =
1
6 ck+2 − 23 ck+1 + 12ck − 12 c(k+1)2 + 12 c(k−1)=2 − 16 ck=3 + 12 c(k−3)=6;
d′′k = ck+1 − ck − c(k−1)=3;
d′′′k =
1
2 (ck − c(k−1)=2);
divk = ck : (57)
4. Molecular expansion of plane and planar 2-trees
In this part, we use the dissymmetry theorem and the results of the previous section
to obtain an explicit form for the molecular expansion of the species of plane 2-trees
and of planar 2-trees.
4.1. Plane 2-trees
Recall that plane 2-trees are 2-trees that are embedded (drawn) in the plane in such a
way that all internal faces are triangles. The dissymmetry theorem gives an expression
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A
AA
X
(a) (b)
A
A
(c)
A A
A
Fig. 11. The species E2(A), XC3(A) and A+ · A.
for the species a in terms of the pointed species a− , a

 and a

 , namely
a = a− + a

 − a : (58)
Here, we can use the orientation of the plane to obtain simple expressions for the
pointed species as function of the species A dened in the introduction, as shown in
Fig. 11:
Theorem 6. The species arising in the dissymmetry theorem for plane 2-trees satisfy
a− = E2(A); (59)
a = XC3(A); (60)
a = A+ · A; (61)
where A+ =A− 1.
Using the expansion formulas for E2(A) and C3(A), given in Section 3, we can now
compute the molecular expansion of the species a.
Theorem 7. The molecular expansion of the species a of plane 2-trees is given by
a = a(X ) = 1 + X +
∑
k¿2
bkX k +
∑
k¿1
ckE2(X k) +
∑
k¿1
dkXC3(X k); (62)
where
bk = 23 ck − 16 ck+1 − 12 ck=2 − 13 c(k−1)=3; (63)
ck = dk = ck ; (64)
where X k represents the species of k-lists of triangles and ck are the usual Catalan
numbers with the convention that cr =0 if r is not an integer; see (13).
To conclude this section we write the asymmetric part, in the sense of Labelle [11],
of the species of plane 2-trees:
Oa(X ) = 1 + X +
∑
k¿2
bkX k ; (65)
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where bk , for k ∈N, is given by formula (63). The species Oa is not to be confused
with the pointed species a− .
4.2. Planar 2-trees
This subsection is devoted to planar 2-trees, i.e., 2-trees admitting an embedding in
the plane in such a way that all internal faces are triangles. The diGerence here is that
the embedding is not explicitly given and that reSexive symmetries are possible. In
other words, planar 2-trees are viewed as simple graphs. The dissymmetry theorem for
the species ap of planar 2-trees yields
ap = a−p + a

p − ap : (66)
Moreover, we have the following expressions for the pointed species a−p , a

p and
ap , in terms of the auxiliary species Pbic4 (X; Y ) and P
bic
6 (X; Y ) introduced in
Section 2.
Theorem 8. The species of pointed planar 2-trees a−p , a

p and a

p satisfy the following
isomorphisms of species:
a−p (X ) = 1 + XE2(A) + P
bic
4 (X; Y )|Y :=A; (67)
ap (X ) = X + X
2E2(A) + XE2(A+) + XPbic6 (X; Y )|Y :=A; (68)
ap (X ) = XE2(A) + X
2E2(A2): (69)
Proof. We obtain the functional equations (67) and (69) by analyzing the structures
according to the degree of the distinguished edge. For example, the three terms on the
right-hand side of (67) correspond, respectively, to the degrees 0, 1 and 2 of the pointed
edge. This isomorphism is described in Fig. 12. In (68), the four terms correspond to
the four possibilities for the number of edges of degree 2 in the pointed triangle, from
0 to 3; see Fig. 13. For (69), see Fig. 14.
Combining the molecular expansion of the species Pbic4 (X; A) and P
bic
6 (X; A) estab-
lished in Section 3 with Propositions 1 and 5, gives the molecular expansion of the
species a−p and a

p . Note that we use the same notation for the coeMcients of the
diGerent molecular expansions in the four following theorems.
A
A A
A
A A oror
Fig. 12. The species a−p .
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or or orA
A
A
A
A
A
A
A
A
A
A A
Fig. 13. The species ap .
A A
A A
A A
or
Fig. 14. The species ap .
Theorem 9. The molecular expansion of the species a−p of edge pointed planar
2-trees is given by
a−p (X ) = 1 +
∑
k¿0
a1kX
k +
∑
k¿1
a2kE2(X
k) +
∑
k¿1
a3kXE2(X
k)
+
∑
k¿1
a4kX
2E2(X k) +
∑
k¿1
a5kP
bic
4 (X; X
k); (70)
where
a1k =
1
4 ck+1 − 34 ck=2 − 12 c(k−1)=2 + 12 c(k−2)=4;
a2k = ck − c(k−1)=2;
a3k = a
5
k = ck ;
a4k =
1
2 (ck+1 − ck=2): (71)
Theorem 10. The molecular expansion of the species ap of triangle rooted planar
2-trees is given by
ap (X ) = 1 +
∑
k¿0
a1kX
k +
∑
k¿1
a2kXE2(X
k) +
∑
k¿2
a3kX
2E2(X k)
+
∑
k¿2
a4kXC3(X
k) +
∑
k¿2
a5kXP
bic
6 (X; X
k); (72)
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where
a1k =
1
6 (ck+1 − ck)− 12 ck=2 − c(k−2)=2 − 12 c(k−1)=2 − 16 c(k−1)=3 + 12 c(k−4)=6;
a2k = a
5
k = ck ;
a3k = ck+1 − c(k−1)=3;
a4k =
1
2 (ck − c(k−1)=2): (73)
Propositions 1 and 5 also allow us to obtain the molecular expansion of the species
ap .
Theorem 11. The molecular expansion of the species ap of planar 2-trees pointed at
a triangle with a distinguished edge is given by
ap (X ) =
∑
k¿0
a1kX
k +
∑
k¿1
a2kXE2(X
k) +
∑
k¿1
a3kX
2E2(X k); (74)
where
a1k =
1
2 (ck+1 − ck − c(k−1)=2 − ck=2);
a2k = ck ;
a3k = ck+1: (75)
Using the dissymmetry theorem, we are now able to put together relations (70)–
(74) and give an explicit form of the molecular expansion of the species ap of planar
2-trees.
Theorem 12. The molecular expansion of the species ap of planar 2-trees is given by
the following formula:
ap(X ) = 1 +
∑
k¿1
a1kX
k +
∑
k¿1
a2kE2(X
k) +
∑
k¿1
a3kXE2(X
k) +
∑
k¿2
a4kX
2E2(X k)
+
∑
k¿2
a5kXC3(X
k) +
∑
k¿0
a6kP
bic
4 (X; X
k) +
∑
k¿0
a7kXP
bic
6 (X; X
k); (76)
where
a1k = − 112 ck+1 + 13 ck − 34 ck=2 − 12 c(k−1)=2 − 16 c(k−1)=3 + 12 c(k−2)=4 + 12 c(k−4)=6;
a2k = ck − c(k−1)=2;
a3k = a
6
k = a
7
k = ck ;
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a4k =
1
2 (ck+1 − ck=2)− c(k−1)=3;
a5k =
1
2 (ck − c(k−1)=2): (77)
5. Enumeration formulas
5.1. Enumeration of plane 2-trees
Before obtaining the explicit enumeration of plane 2-trees, we recall some basic
formulas involving index series of the species of 2-element sets (E2) and of oriented
3-cycles (C3):
ZE2 (x1; x2; : : :) =
1
2 (x
2
1 + x2); E2 (x1; x2; : : :) =
1
2 (x
2
1 − x2); (78)
ZC3 (x1; x2; : : :) =
1
3 (x
3
1 + 2x3); C3 (x1; x2; : : :) =
1
3 (x
3
1 − x3): (79)
We will also use some substitutional laws of the theory of species: for any species F
and G such that G(0)= 0 (G has no structure on the empty set), we have
(F ◦ G)(x) = F(G(x)); (80)
(F ◦ G)∼(x) = ZF(G˜(x); G˜(x2); : : :); (81)
(F ◦ G)(x) = F( OG(x); OG(x2); : : :); (82)
ZF◦G = ZF ◦ ZG; (83)
F◦G = F ◦ G; (84)
where ◦ denotes the plethystic composition on the right-hand side of (83) and (84).
If the species G has some structures on the empty set, i.e., G(0)= g0 = 0, formulas
(81)–(83) remain valid. However, formula (80) should then be replaced by
(F ◦ G)(x) = ZF(G(x); g0; g0; : : :): (85)
There is also a general substitution formula for the series  in this case, see [14].
Here, we only need the following formulas:
E2(G)(x1; x2; : : :) = g0 +
1
2 (
2
G(x1; x2; : : :)− G(x2; x4; : : :)); (86)
C3(G)(x1; x2; : : :) = g0 +
1
3 (
3
G(x1; x2; : : :)− G(x3; x6; : : :)): (87)
We now give the explicit enumerative formulas provided directly by the molecular
expansion of the species of plane 2-trees.
Theorem 13. The numbers a; n, a˜; n and Oa; n of labelled, unlabelled and unlabelled
asymmetric plane 2-trees on n triangles, n¿2, are given by
a;n = n!( 23 cn − 16 cn+1); (88)
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a˜;n = 23 cn − 16 cn+1 + 12 cn=2 + 23 c(n−1)=3; (89)
Oa;n = 23 cn − 16 cn+1 − 12 cn=3 − 13 c(n−1)=3: (90)
To obtain these enumerating formulas, we can also use expressions (59)–(61) which
lead to closed formulas for the associated series of the three pointed species: the
exponential generating series of labelled structures,
a− (x) =
1
2 (1 + A
2(x));
a (x) =
x
3
(2 + A3(x));
a (x) = A
2(x)− A(x); (91)
the ordinary generating series of unlabelled structures,
a˜− (x) =
1
2 (A
2(x) + A(x2));
a˜ (x) =
x
3
(A3(x) + 2A(x3));
a˜ (x) = A
2(x)− A(x); (92)
the cycle index series,
Za− (x1; x2; : : :) =
1
2 (A
2(x1) + A(x2));
Za (x1; x2; : : :) =
x1
3
(A3(x1) + 2A(x3));
Za (x1; x2; : : :) = A
2(x1)− A(x1); (93)
and the asymmetry cycle index series,
a− (x1; x2; : : :) = 1 +
1
2
(A2(x1)− A(x2));
a (x1; x2; : : :) = x1 +
x1
3
(A3(x1)− A(x3));
a (x1; x2; : : :) = A
2(x1)− A(x1): (94)
We emphasize the fact, used above, that since the species A is asymmetric we have
the following relations:
A(x) = A˜(x) = OA(x) and ZA(x1; x2; : : :) = A(x1) = A(x1; x2; : : :):
We then deduce easily (thanks to the dissymmetry theorem) the expressions of the
series associated with the species of plane 2-trees.
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Proposition 6. The series associated to the species a of plane 2-trees are given by
a(x) = 12 +
2
3x + A(x)− 12A2(x) +
x
3
A3(x);
a˜(x) = 1 + x + A(x) +
x
3
A3(x)− 12A(x2)−
x
3
A(x3)− 12A2(x);
Oa(x) = A(x) +
x
3
A3(x)− A(x2)− A(x3)− 12A2(x);
Za(x1; x2; : : :) = A(x1) +
1
2A(x2) +
2
3
x1A(x3)− 12A2(x1) +
x1
3
A3(x1);
a(x1; x2; : : :) = 1 + x1 + A(x1) +
x1
3
A3(x1)− 12A(x2)−
x1
3
A(x3)− 12A2(x1):
To recover formulas (89), we can use the dissymmetry theorem and the next propo-
sition giving the enumeration of the diGerent pointed plane 2-trees.
Proposition 7. The coe;cients a−; n, a

; n, a

; n representing the numbers of labelled
structures with n triangles for the di?erent pointings, a˜−; n, a˜

; n, a˜

; n for the numbers
of unlabelled structures, and Oa−; n, Oa

; n, Oa

; n for unlabelled asymmetric structures, are
given, for n¿2, by
a−;n =
n!
2
cn+1;
a;n =
n!
3
(cn+1 − cn);
a;n = n!(cn+1 − cn); (95)
a˜−;n =
1
2 (cn+1 + cn=2);
a˜;n =
1
3 (cn+1 − cn + 2c(n−1)=3);
a˜;n = cn+1 − cn; (96)
and
Oa−;n =
1
2 (cn+1 − cn=2);
Oa;n =
1
3 (cn+1 − cn − c(n−1)=3);
Oa;n = cn+1 − cn: (97)
Proof. To obtain these coeMcients, we simply use relations (91), (92) and (94).
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We now give the explicit expressions for the cycle index series of the species of
plane 2-trees.
Proposition 8. The cycle index series Za =Za(x1; x2; : : :) and the asymmetric index
series a =a(x1; x2; : : :) of the species of plane 2-trees are
Za = 1 +
∑
n¿1
(
2
3
cn − 16 cn+1
)
xn1 +
1
2
∑
n¿1
cnxn2 +
2
3
x1
∑
n¿0
cnxn3 ; (98)
a = 1 + x1 +
∑
n¿1
(
2
3
cn − 16 cn+1
)
xn1 −
1
2
∑
n¿1
cnxn2 −
1
3
x1
∑
n¿0
cnxn3 : (99)
Proof. We rst express the cycle index series given by relations (93) in powers of
x1; x2; : : :
Za− (x1; x2; : : :) =
1
2
∑
n¿0
cn+1xn1 +
1
2
∑
n¿0
cnxn2 ;
Za (x1; x2; : : :) =
1
3
∑
n¿1
(cn+1 − cn)xn1 +
2
3
x1
∑
n¿0
cnxn3 ;
Za (x1; x2; : : :) =
∑
n¿1
(cn+1 − cn)xn1 : (100)
We also have
a− (x1; x2; : : :) = 1 +
1
2
∑
n¿0
cn+1xn1 −
1
2
∑
n¿0
cnxn2 ;
a (x1; x2; : : :) = x1 +
1
3
∑
n¿1
(cn+1 − cn)xn1 −
1
3
x1
∑
n¿0
cnxn3 ;
a (x1; x2; : : :) =
∑
n¿1
(cn+1 − cn)xn1 : (101)
It suMces then to use the dissymmetry theorem to obtain the stated result.
5.2. Enumeration of planar 2-trees
We now give all associated series of the species a−p , a

p and a

p using substitutional
laws of the theory of species. After this, we will be able to give all coeMcients arising
in these diGerent series, and, with the dissymmetry theorem, we obtain the numbers of
labelled and of unlabelled planar 2-trees on n triangles as well as the coeMcients of
its cycle and asymmetry index series.
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Theorem 14. The exponential generating function of labelled structures for the species
a−p , a

p and a

p of planar pointed 2-trees are given, in terms of A(x), by
a−p (x) = 1 +
x
2
(1 + A2(x)) +
1
4
x2A4(x);
ap (x) = x +
x2
2
(1 + A2(x)) +
x
2
A2+(x) +
x4
6
A6(x);
ap (x) =
x
2
(1 + A2(x)) +
x2
2
(1 + A4(x)): (102)
Moreover, the ordinary generating series of unlabelled structures of these species are
given by
a˜−p (x) = 1 + xA(x) +
x
2
(A2(x) + A(x2)) +
x2
4
(A4(x) + 3A2(x2));
a˜p (x) = x +
x2
2
(A2(x) + A(x2)) +
x
2
(A2+(x) + A+(x
2))
+
x4
6
(A6(x) + 2A2(x3) + 3A3(x2)); (103)
a˜p (x) =
x
2
(A2(x) + A(x2)) +
x2
2
(A4(x) + A2(x2)):
Corollary 1. The exponential and the ordinary generating functions of the species of
planar 2-trees are given, in terms of A, by
ap(x) = 1 + x +
x
2
A2+(x) +
x2
2
A2(x)− x
2
4
A4(x)− x
4
6
A6(x);
a˜p(x) = 1 + x +
x
2
(A2+(x) + A+(x
2)) +
x2
2
A(x2) +
x2
2
(A2(x)− A2(x2))
− x
2
4
A4(x) +
x4
6
(A6(x) + 2A2(x3) + 3A3(x2)): (104)
A simple extraction of coeMcients in Theorem 14, combined with Proposition 1,
yields the following corollary.
Corollary 2. The numbers a−p; n, a

p; n and a

p; n of labelled planar 2-trees on n triangles
pointed, respectively, at an edge, at a triangle, and at a triangle pointed at one of
its edges, are given by
a−p;n =
n!
4
cn+1;
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ap;n =
n!
6
(cn+1 − cn);
ap;n =
n!
2
(cn+1 − cn): (105)
Moreover, for the same pointed species, the numbers of unlabelled structures on n
triangles a˜−p; n, a˜

p; n and a˜

p; n have the following expressions:
a˜−p;n =
1
4 cn+1 +
1
2 c(n−1)=2 +
3
4 cn=2;
a˜p;1 = 1; a˜

p;2 = 1; a˜

p;3 = 2; a˜

p;4 = 6;
a˜p;n =
1
6 (cn+1 − cn) + 12 (c(n−1)=2 + cn=2)) + 13 c(n−1)=3; n¿ 5
a˜p;n =
1
2 (cn+1 − cn) + c(n−1)=2 + cn=2: (106)
Hence, the dissymmetry theorem leads us to enumeration formulas for labelled and
unlabelled planar 2-trees as follows.
Theorem 15. The numbers ap; n, a˜p; n and Oap; n of labelled, unlabelled and unlabelled
asymmetric planar 2-trees on n triangles, are given by the following formulas:
ap;n = n!( 13 cn − 112 cn+1); (107)
a˜p;n = 13 cn − 112 cn+1 + 12 c(n−1)=2 + 13 c(n−1)=3 + 34 cn=2; (108)
Oap;n =− 112 cn+1 + 13 cn − 34 cn=2 − 12 c(n−1)=2
− 16 c(n−1)=3 + 12 c(n−2)=4 + 12 c(n−4)=6: (109)
Finally, we give the expression of the asymmetry index series of the species ap of
planar 2-trees obtained directly from the molecular expansion of the species ap.
Proposition 9. The asymmetry index series of the species of planar 2-trees is given
by
ap (x1; x2; : : :) = 1 + x1 +
∑
n
01nx
n
1 +
∑
n
02nx
n
2 +
∑
n
03nx1x
n
2 +
∑
n
04nx
2
1x
n
2
+
∑
n
05nx1x
n
3 +
∑
n
06nx2x
n
4 +
∑
n
07nx1x3x
n
6 ; (110)
where
01n = − 112 cn+1 + 13 cn;
02n = 0
3
n = − 12 cn;
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04n = − 14 cn+1;
05n = − 16 cn;
06n = 0
7
n =
1
2 cn: (111)
5.3. Another method for the unlabelled enumeration
In order to obtain the unlabelled enumeration of plane and planar 2-trees, we can
also use the approach of Palmer and Read [16]. We remark rst that, for any species
F , we can write
F =
∑
k¿1
F(k); (112)
where for k¿1, F(k) represents the symmetric part of F of order k, that is, the sub-
species consisting of F-structures whose stabilizer is of order k exactly. In particular,
F(1) = OF , the asymmetric part of F .
Also note that, for G=F(k), k¿1, we have G(x)= (1=k)G˜(x), since an unlabelled
F(k)-structure of degree n can be labelled in n!=k ways. Hence,
F˜(x) = F(x) +
∑
k¿2
k − 1
k
F˜ (k)(x): (113)
For plane 2-trees, we have
a = Oa + a;(2) + a;(3); (114)
and for planar 2-trees,
ap = Oap + ap;(2) + ap;(3) + ap;(4) + ap;(6): (115)
Thus, we can write
a˜(x) = a(x) + 12 a˜;(2)(x) +
2
3 a˜;(3)(x) (116)
and
a˜p(x) = ap(x) + 12 a˜p;(2)(x) +
2
3 a˜p;(3)(x) +
3
4 a˜p;(4)(x) +
5
6 a˜p;(6)(x): (117)
After identifying all terms appearing in (116), we then deduce
a˜(x) = a(x) + 12 A(x
2) + 23 xA(x
3); (118)
for the plane case. For planar 2-trees, we have
a˜p;(2)(x) = 32 (A(x
2)− x2A(x4)) + xA(x2)− x4A(x6);
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a˜p;(3)(x) = 12 (xA(x
3)− x4A(x6));
a˜p;(4)(x) = x2A(x4); a˜p;(6) = x4A(x6); (119)
which yields
a˜p(x) = ap(x) + 12 xA(x
2) + 13 xA(x
3) + 34 A(x
2): (120)
It remains to extract the coeMcients of xn in Eqs. (118) and (120) to nd the numbers
of unlabelled plane and planar 2-trees over n triangles, given by (89) and (108).
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